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What is Transaction Cost?

[Stigler, 1964] Cost of consummating a transaction
[Demsetz, 1968] Cost of exchanging ownership title

Brokerage fee plus the bid-ask spread

A A A A

Assuming market efficiency, [Roll, 1984] defines and derives an
effective bid-ask spread, which is equal to twice the first-order
serial covariance of price changes.

Cc= 2\/* C [Apz 5 Apifl] .
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Assumptions Underlying Quotes-Based Measures

El Designated market makers and investors who submit limit orders
are capable of setting bid and ask quotes such that the efficient
price falls within the quotes.

H The bid and ask quotes are the only available prices in the market.

E The mid price of the quotes equals the efficient price.
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Conceptual Framework

< Unobservable true price or efficient price S;
< Observable transaction price P;
& Observable trade sign Q;
< Postulated relation between s; := In S; and p; := In P,
C
pi = si+ 5 Qi + i, (1)
where the parameter c is the pricing error of Roll (1984), which is
also being interpreted as the or
in percent.

< 4, is i.i.d. white noise and co-varies with neither s; nor Q;.

Christopher Ting Session 8 June 13,2018 5/25



Roll’s Model
0@000000000

What is Trade Direction );?

< Buyer-initiated trade: Trade occurs at the ask price, Q; = 1.

8

Seller-initiated trade: Trade occurs at the bid price, @; = —1.

8

More generally, trade occurs higher (lower) than the mid price is
buyer-initiated (seller-initiated) trade.

<® First-order difference operator: AQ; := Q; — Q;_1

< Possible values of AQ);
0 QiQixi=1
1 Qi=1,Q1=00rQ; =0,Q;—1=-1
1 Qi=-1,Qi1=00rQ; =0,Q;_1 =1
2 Qi=10i1=-1
2 Qi=-1,Q;i1=1
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Geometric Brownian Motion

<2 The unobservable log efficient price s; is assumed to follow the
geometric Brownian motion with x being the drift rate and o the
volatility (diffusion coefficient).

<2 The efficient price S; at time ¢; when a trade is executed as

Si = So exp (Hti e UWZ‘)
= S;_1exp (,u At; + O'AWi) . (2)

<2 Thus, given the duration At;, the variance of the Brownian motion
W, is O'QAti.

©° The stochastic process W; is such that W, = 0 and
AW; = v/ At; y;, where ; is a standard normal random variable.
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Log Trade Price Difference

<2 Applying Itd’s formula, equation (2) becomes
8; = Si—1 + (M - ;UQ> At; + o AW;. (3)

©® By taking the difference Ap; = p; — p;_1 and from equation (3), the
following is obtained:

Ap; = gAQi + a Aty + i/ Aty 4wy, (4)

where a =y — %02, which is the drift rate of the log efficient price.
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Additional Assumptions for Derivation

A. The random variable ), is independently and identically
distributed with zero mean and unit variance. Namely,
C [¢i, ;] = 0if i # j and 1 otherwise.

B. The random variable v; is independent of the duration At;, and of
the change in trade sign AQ);, for all < and j.

C. The duration At; and the change in trade sign AQ; are
independent, for all i and j. Namely, C [At;, AQ;] = 0 for all i
and j.

D. The covariance between the current trade sign @; and the
previous trade sign @;_; is stationary. In other words,

C[Qi, Qi—1] =C[Qi-1, Qi—2].
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Covariance of Log Price Change

> The main construct in Roll’s model revolves around the covariance
of price change Ap; with its first lag, Ap;_1.

<2 From equation (4) and with these two assumptions, we obtain

2
C [Api, Apifl] = a®>C [Ati, Atifl] + CZ (® [AQ“ AQifl]
+% C [Ati, AQi1] + % C[Ati1, AQ)

2
= a® C[At;, Atiq] + CZ C[AQ:, AQi1].
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Roll’s Model as a Special Case

Leta = 0.
Compute the covariance by substituting in equation (4) and obtain

2
C[Api, Apit] = 7 C[AQ:, AQii]. (5)

By expanding the covariance on the right hand side, and
assuming that C(Q;, Q;) = 0if i # j, then

2
C[Api, Apit] = =V [Qind] (6)

Q; = =1 being equally likely as assumed in Roll’s paper, the
variance of the trade sign is one. Roll’s formula ensues:

- 2\/— C [Ap;, Api_i]. (7)
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A More General Roll’s Model

< To simplify the notations, we write
C [Api, Apifl] = Pp 012;,
C [At;, Atisq] = pt of,
C[AQi, AQi—1] = pgo?,

where p,, pt, and p, are the first-order correlations of the price
change Ap;, the duration At;, and the change in trade sign AQ);,
respectively. The corresponding variances are o7, o7, and 0.

2 Hence, we obtain

% 02 — a2p, o2
et e R (8)
Pyq
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A Property

< To proceed further, let p, be the first-order auto-correlation of the
trade sign Q; and o2 the variance.

<2 Then in view of Assumption D,

C[AQi, AQi—1] = C[Qi — Qi-1, Qi—1 — Qi—2]

2C[Q;, Qi—1] — 02 —C[Qs, Qi—2)

2 C[Qi, Qi-1] — 02 — pu C[Qi—1, Qi-2]
(2-p) ClQi, Qim1] — 02

(2 — px) px 03 - 03
—03(1 - P*)2'

S Hence, the covariance of the change in trade sign with its first lag
is always negative.
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A Formula for General ¢

< In other words
ngq = —02(1 - P*)z'

< Substitute it into equation (8), we obtain

— 2 2 2 2
Cc = a (o or . 9
*(1 p*) pt t pp P ( )

< The trading cost in percent c is now a function of
variance o2
correlation p, of the trade sign
the drift rate a,
variance o7
correlation p; of the trade duration
variance o,
correlation p,, of the price change
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Other Models

<2 Choi, Salandro and Shastri [Choi et al., 1988]: a special case of
a=0ando, =1

2

C =
1—ps

\/—C [Aps, Api—1] .

< George, Kaul and Nimalendran [George et al., 1991]

2
c=—=1\/a%pi o} — pp 02,
VA

where 6 is the unobservable proportion of the quoted spread due
to order-processing costs.
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Econometric Specification

bS> Change in trade sign AQ; and At; as explanatory variables

> The econometric specification is a linear regression model:

Ap; = co + gAQi—i-aAti—i-ei. (10)

> For ease of appreciation for the economic magnitude of the
liquidity cost, we consider the following specification:

D

b> cisin percent, D in dollars.
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Data

> October 2012 through early May 2013
> Tick-by-tick data from Bloomberg
> Singapore futures (Simsci)

> EWS (iShares MSCI Singapore Capped ETF)
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Liquidity Cost Estimates for SG Futures in SGD

55

LS Estimate
5+ Flash Crash Roll's Estimate

‘Missing Roll's Estimate

Relative Implict Cost in Basis Points
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Flash Crash of SG Futures on December 12, 2012
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Empirical Analysis: SG Futures

mean std min 5th 10th 50th 90th 95th max

SG Futures Price 361.3 13.0 330.4 338.6 342.7 365.1 373.3 379.0 388.4

Number of Trades 4,147 1,266 1,220 1,805 2,405 4,128 5,632 6,270 8,223
OLS D (S9%) 13.09 2.33 9.09 10.92 11.25 12.83 14.76 15.44 35.96
Roll's Cr (S$) 772 126 3.62 571 6.27 7.53 9.14 10.12 12.02

OLS ¢ (bps) 1.81 034 127 150 1.56 1.79 2.04 2.12 5.31
Roll’s cx (bps) 1.07 0.16 053 0.83 0.89 1.06 1.26 1.37 1.66
¢ Statistic of ¢ 408 108 4.3 235 295 39.9 550 59.1 71.2
Adjusted R? (%) 43.8 82 1.1 315 348 441 538 56.8 632
DW Statistic 224 0.07 184 212 216 225 232 234 242
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Empirical Analysis: EWS

mean std min 5th 10th median 90th 95th max

EWS Price (US$) 11.65 0.56 10.75 10.94 11.00 11.47 12.56 12.63 12.81

Number of Trades 1,182 487 336 540 669 1,096 1,871 2,346 2,639
OLS D (US$) 0.71 0.07 0.54 060 0.62 0.72 0.79 0.81 1.02
Roll's Cr (US$) 0.450.08 030 0.34 035 043 0.54 0.57 0.91

OLS c (bps) 520 050 390 444 463 523 571 6.08 7.60
Roll’s cr (bps) 3.26 0.58 2.19 248 258 3.19 3.95 4.11 6.79
t Statistic 26.2 93 10.0 144 151 25.3 38.1 39.9 727
Adjusted R* (%) 57.6 10.6 30.3 37.3 436 59.1 68.9 70.6 824
DW Statistic 234 0.13 2.05 214 219 233 251 256 2.79
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Comparison of Liquidity Cost Ratios

_ D
~ minimum tick size’

Exchange Exchange Number  Liquidity OLS ¢
Name Code of Trades Cost Rato A Estimate (bps)
Singapore Exchange 4,147 0.66 1.81
FINRA-ADF D 1,182 0.71 5.20
Direct Edge J 350 0.58 4.20
NYSE Arca P 731 0.48 3.48
Nasdaq T 372 0.31 2.28
BATS Y-Exchange Y 243 0.57 418
BATS Z-Exchange Z 480 0.33 2.41
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Takeaways

Concept of true price or efficient price S;
Transaction price # true price

Concept of implicit trading cost

g d d ud

Complex number may occur when using a “square-root” formula
to estimate the implicit trading cost.

l

Roll’s formula underestimates the implicit trading cost.

H

The OLS approach is more robust and general; the “square-root”
formulas are special cases.
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